The evolution of two qubits coupled by a general nonlocal interaction is studied in two distinct regimes. In the first regime the purity of the individual qubits is interchanged through the entanglement shared by the two. We illustrate how this can be a mechanism for decoherence. In the second regime, the interaction entangles two initially pure qubits. The dynamical maps for the reduced unitary evolution of both initially simply separable and not-simply-separable states are found. We outline a protocol for optimizing the entanglement generation subject to constraints.
I. INTRODUCTION
Universal, two qubit quantum gates are the basic units from which quantum information processing devices may be constructed [1, 2] . Physical implementations of two qubit gates depend on understanding and controlling the possible interactions between the individual qubits. Zhang et. al. [3] have obtained the most general form for non local two-qubit interactions. A complete picture of the dynamical possibilities allowed by this interaction is yet to be pieced together, although some numerical efforts have started to scratch the surface [4] . Entanglement is a resource for a quantum information processor [5, 6] , while entanglement of elements of the information processor with its environment leads to undesirable loss of purity and decoherence. Naturally, there has been a lot of interest 1 in understanding [7] , quantifying [8, 9, 10, 11, 12] , and controlling [13, 14, 15] entanglement and also preventing decoherence. We show that both the loss of purity of qubits and the generation of entanglement between two qubits in an optimal way can be understood in terms of the dynamics generated by the same general two qubit interaction under different conditions.
Our main result consists of an explicit expression for the dynamics of two qubits coupled by the general Hamiltonian. We calculate the dynamical map for both the initially simply separable and not simply separable twoqubit state. We focus on how the dynamics affect the purity of the individual qubits. We describe purity swapping, where one qubit is dynamically purified at the expense of another. This may be contrasted with entanglement swapping [16] . We also study the generation of entanglement by the dynamics. In [17] a method for maximizing the rate of entanglement generation has been proposed given some entangling Hamiltonian, and the capability to do instantaneous local operations on each qubit. We propose a protocol that optimizes any given entangling process subject to reasonable constraints that may be found in experiments.
The most general dynamics of the quantum state represented by a density matrix ρ can be described in terms of a dynamical map [18, 19] :
The dynamical map represents the effect of the coupled unitary evolution of the system and its environment [20] . In other words:
where ρ A is the state of the system and ρ B is that of the environment. In the case where the system and the environment are finite dimensional and start in a separable state, ρ A ⊗ ρ B , B is a matrix with positive eigenvalues and it is said to be completely positive.
II. EVOLUTION FOR TWO INITIALLY SIMPLY-SEPARABLE QUBITS
We concentrate on the simplest example, where both ρ A and ρ B are single qubits:
with σ A i and σ B i being the Pauli spin matrices for each of them. The Bloch vectors a = (a 1 , a 2 , a 3 ) and b = (b 1 , b 2 , b 3 ) provide a convenient way of parameterizing single qubit states that we will use in this paper. Together, ρ A and ρ B form the initially separable 4×4 state,
where subscripts take values from {1, 2, 3}. The most general Hamiltonian for two qubits is:
In the interaction picture, it becomes,
which has nine parameters. Using local unitary transformations with three parameters each, the number of parameters can be brought down to three [3, 20, 21, 22] :
The time evolution of the overall state E AB is given by,
For simplicity, we will assume that there is no free evolution for individual qubits, making γ i (t) → γ i , and,
To calculate E AB (t), we use the property that σ
all commute with each other. For each of the terms of E AB (0) we obtain:
Using Eq. (9), the evolution generated by Eq. (8) of the two qubit density matrix is:
where C i ≡ cos (2tγ i ) , S i ≡ sin (2tγ i ) and i, j, k are cyclic. In other words, the coefficients of the Pauli matrices in Eq. (4) transform as follows:
where {i, j, k} are cyclic, and
where it is not required for {i, j, k} to be cyclic or distinct.
III. REDUCED DYNAMICS OF TWO INITIALLY SIMPLY SEPARABLE QUBITS
To find the reduced dynamics of the system, ρ A , we just need to carry out the partial trace from Eq. (2). Using Eqs. (18), (11), (12) and the fact that σ B i are traceless, this is quite straightforward:
where
The purity of the reduced density matrix changes with time:
Following a similar procedure we can find the evolution of ρ B (t) and its purity P B (t). The time evolution of ρ A can be described using the dynamical map from Eq. (1). The mapping matrix can be explicitly calculated to be [18] :
Note how the dynamical map carries the influence of ρ B through the parameters b 1 , b 2 , b 3 . Thus, given any known initial state ρ A and sufficiently detailed evolution ρ A (t), its interaction with another unknown ρ B can be reconstructed, and even used to determine the parameters for the unknown state.
The most general map on a qubit can be implemented as the contraction of the unitary evolution of the given qubit coupled to at most two other qubits. We have restricted to the case where there is only one other qubit, thereby excluding certain maps. If ρ B is allowed to be a mixed state, the family of dynamical maps we are excluding by choosing a one qubit environment is very small [23] .
IV. DYNAMICAL MAP OF THE GENERAL TWO QUBIT-STATE
Eqs. (11, 12) may be extended in a straightforward fashion to the case where the initial state,Ẽ, is not simply separable, i.e.:
where it is not necessary that e ij = e i0 × e 0j . This would include initially entangled states. The evolution for the stateẼ under Eq. (8) can be computed using the result from Eq. (9):
Again, to find the reduced dynamics of the system we just need to carry out the partial trace, and the evolution of each of the components become:
As before, we would like to construct the dynamical map for this evolution. This time, the map has to carry the parameters of the trace out qubit as well as the crossterms. Some of the terms that could be factored before into parameters in the reduced state and parameters in the map cannot be. This leads to the following map:
The first thing to note about this map is that there are some elements that are 0. This is due to the fact that not all terms can be decomposed as a product and split between the state and the action of the map. In other words, the map B carries all the information in the cross terms of the initial two qubit state. To guarantee that this map correspond to something physical, we need to observe that due to the initial correlations of the bipartite state, only certain values are permitted for the reduced intimal state. The map has some information of its allowed domain, and as long as it acts on it the evolution can still be given physical interpretation [24] and its eigenvalues in general can be negative. There are some experimental examples of these non-completely positive maps [25] and also their role in decoherence control techniques [26] .
V. DECOHERENCE MODELLING
Now, we go back to the case of initially simplyseparable states. We want to study certain kinds of evolution to show the use of these maps in some decoherence modelling schemes.
Consider the case where ρ A (0) is pure while ρ B (0) is fully mixed. Assume some interaction where the only non-zero parameters are a 1 = γ 1 = γ 2 = γ 3 = 1. This interaction is chosen to be of the "swap-gate" form, but many interactions can have a similar effect. Figure 1 shows how the purity of ρ A (t) and the purity of ρ B (t) change with time. As time progresses, they start to get entangled and exchange purity through entanglement. P A (t) and P B (t) are equal at t = π/8, where some purity has been lost to entanglement. At t = π/4 they become separable again [27] purifying ρ B at the expense of ρ A , a dynamical process we call purity swapping. If only a certain component of the qubit is measured and no correlations studied, this might look like Rabi oscillations, although the Bloch vector is not rotating, but oscillating in length.
We remark that for a weak coupling of this type, at very short times, P A (δt) can only decrease (except in trivial cases). This can be considered to be a mechanism of decoherence. We can model a reservoir as a stream of ρ B i , where each of them interact independently for a short average time [28] , swapping some purity from ρ A to each ρ B i , but stopping the coupling before there is enough time to return the stolen purity. We can think of this as a quantum version of the Boltzmann gas [29] . This corresponds to acting with the dynamical map from Eq. (16) in sequence:
By controlling the strength, duration and number of these reservoir interactions it is possible to model decoherence processes, as well as desired, using only a finite number of degrees of freedom for the reservoir. There are many cases where the periodic couplings are a good approximation and its properties exploited to prevent decoherence. Bang-bang control, for example, is a technique where the periodicity (on average) of a decoherence coupling can be synchronized with a local control pulse effectively creating a decoherence-free space for the state of interest [30, 31] .
VI. OPTIMAL ENTANGLEMENT GENERATION
Another interesting regime to study is related to the creation of maximally entangled Bell states. Assume that we have initially two pure states, {a 1 = 1, a 2 = a 3 = 0}, {b 2 = 1, b 1 = b 3 = 0}. At a specific time t bell , each of the qubits' purity goes to a minimum. For γ 3 = 1, the minimum is at t bell = π/4, and we get that E AB (t bell ) is:
that, given some freedom to choose the basis for ρ B , would be equivalent to the Bell state
(|00 + |11 ). A similar, experimentally feasible time-reversed procedure would be responsible for extracting purity out of entanglement [32] .
How much can an entanglement creation experiment be improved? From Eq. (18) an entanglement optimization protocol can be determined, given certain reasonable constraints. In particular, we would like to show how given a certain two-qubit state and certain experimental limitations in the Hamiltonian that can be applied, the evolution can be optimized to maximize the entanglement between them.
Lets illustrate this with a simple example for the case of the creation of entanglement from initially pure qubits. Limitations on the allowed interaction and their duration would come from particular experimental requirements. This example, although very simple, contains all the elements to illustrate how a procedure like this can be implemented. The more general protocol is discussed afterwards.
Imagine some experimental setup that prepares two qubits with the Bloch vectors a and b representing their states oriented at some angle with respect to each other. The aim is to entangle these two. Assume that only two kinds of couplings between them are allowed and we can only act first with one kind followed by the other, due to some experimental constraints. The only thing that can be controlled is the duration for which each coupling is used. The total time available is restricted by decoherence. This type of interaction can be similar to the "strongly modulating" pulses in nuclear magnetic resonance implementation of quantum algorithms, but is not limited to it. How long should we act with each of them to maximize the entanglement rate?
Let the two qubits ρ A and ρ B , initially be in the states given by a 1 = 1, a 2 = a 3 = 0 and b 1 = b 2 = 1/ √ 2, b 3 = 0. The allowed interactions are γ 2 = 1, γ 1 = γ 3 = 0 for some time [0, t ′ ] and followed by γ 3 = 1, γ 1 = γ 2 = 0 at t (13) gives us the reduced density matrix of one of the qubits as a function of time from which we can compute its purity at every time.
What is the time t ′ that gives us the maximum entanglement? This protocol is not dependent on a particular measure of entanglement, but we will choose for simplicity the entropy of entanglement [8] , which is a good measure as long as E AB (t) remains pure. Since it is monotonically related to the linear entropy [22, 33] , the entanglement measure E can be also chosen:
Using Eqs. (14) and (15), we find that for our choices of the parameters:
which is maximized at t ′ = π/8, 3π/8, 5π/8 or 7π/8. We admit that this example is rather simple, and was chosen because it can be easily solved algebraically. More complicated and realistic couplings and limitations can be solved numerically with similar results.
This method can be applied to any interaction of the form Eq. (7), allowing us to optimize a very general class of entanglement creation procedures. It is significantly different from the procedure proposed in [17] , in that we do not need to assume full control over the local transformations on each qubit at all times.
The general scheme of this entanglement optimization protocol can be summarized as follows:
1. Choose the initial conditions for the system, and express them in the form of either Eq. (4) or Eq. (17).
2. Identify the coupling parameters and constraints for Eq. (7) . Compute the evolution due to the unitary operator from Eq. (8) by using the transformations in Eqs. (11, 12, 18) .
3. Choose the measure of entanglement of your preference [8, 9, 10, 11, 12] .
4. Considering the experimental constraints, optimize with respect to the desired parameters.
VII. CONCLUSIONS
In summary, we have explicitly calculated the evolution generated by a general interaction between two qubits, opening the doors for studying all sorts of entangling interactions and experimentally realizable universal quantum gates. We compute the Dynamical Map of the most general evolution for two qubits, and showed the different nature that the Map can have when the state is initially simply-separable of not. Through examples, we illustrated how purity and entanglement are interchangeable quantities. We studied dynamical purity swapping, and its connection to decoherence phenomena. Our simple two qubit interaction is flexible enough to study the fundamentals of decoherence that are usually studied as an interaction with an infinite degrees of freedom reservoir. We described a procedure to generate Bell States from pure states, and its converse, purification. Finally, we proposed a practical protocol to optimize a given entangling procedure under realistic constrains.
